The mathematical basis for bias linearization of quadratic magnetic actuators, as typified by magnetic bearings, is developed. The approach generalizes prior ad-hoc methods of linearizing the relationship between actuator force and electromagnet current, obviating the earlier assumptions of stator symmetry. This relationship is fundamentally quadratic in the regime where the magnetic material is unsaturated and flux is essentially proportional to magnet current. Growing from the properties of a fundamental representation for the current-force relationships in magnetic bearings, conditions are determined under which linearization may be possible. A numerical optimization problem is posed whose solution provides a linearization scheme which maximizes the available force capacity of the actuator. A corollary result is a method for obtaining coil-fault tolerance in magnetic bearings without adding coils to existing actuators. Several paper examples are presented to illustrate linearization of asymmetric actuators, actuators with failed coils, and force/moment actuators.
Introduction
Conventional radial magnetic bearings employ a magnetic stator with a multiplicity of radial legs surrounding a magnetically permeable rotor. Electromagnet coils are wound on some or all of the stator legs and forces are exerted on the rotor by passing currents through these coils. By suitably controlling the coil currents, a radial force of a prescribed magnitude and orientation can be applied to the rotor. The current control is determined in response to measured rotor motion in order to achieve stable rotor support with appropriate dynamic properties [1] . Thus, the bearing is a feedback device consisting of a rotor motion sensor, a magnetic force actuator, and a controller which regulates the coil currents in response to the sensed motion.
Most commercial radial magnetic bearings have at least eight legs in the stator and at least four independent coils. (In many cases, collections of neighboring coils are wired in series. In this work, a collection of coils wound in series would be considered to be dependent.) This means that the number of independent coils in the stator substantially exceeds the number of force components which are to be generated (usually two).
As will be developed in the present work, the relationship between these coil currents and the resulting force components is fairly easily determined by analysis:
F p : p ¦ n but the inverse relationship:
is not only difficult to find but is not unique. For the purposes of designing the feedback control, this latter relationship is crucial since the general dynamic problem relates the bearing forces to the rotor motion; ideally, the character of the magnetic device should not enter directly into the design of the controller. The reason that this inverse relationship is nonunique and so difficult to find is that the forces in the bearing are, fundamentally, quadratic in the coil currents, as long as the bearing stator iron is unsaturated.
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Step size in numerical iteration. This quadratic relationship forms the focus of this paper. As will be demonstrated, for most stator geometries, a basis for the currents can be chosen so that the various bearing force components are related linearly to a set of control force request terms and scaled by a biasing term. A corollary result of the present work is that this excess number of controlling coils provides an opportunity for fault tolerance. If one or even several of the coils fail, a new relationship can be developed which will permit the controller to still provide the same bearing dynamic properties that were provided with a full complement of operating coils. Conceptually, the key property permitting bearing operation with one or more coils failed is that the coils in a typical magnetic bearing stator are strongly coupled: each coil affects the flux in all of the air gaps. This coupling permits other coils in the stator to assume the responsibilities of the failed coils.
While accurate statistics concerning failure mechanisms in commercial magnetic bearing systems are not yet available, anecdotal field accounts indicate that coil, amplifier, or power wiring failures are a significant concern. Any of these three failures produces essentially the same result: loss of current in a particular coil circuit. Since commercial magnetic bearing systems always implement coil current sensing, this kind of failure is quite easy to detect.
The problem of determining a suitable set of control currents cannot be resolved simply by using pseudoinverse methods because the relationship between coil currents and force components is quadratic. Instead, the coil currents are selected either by a nonlinear optimal rule or by a linear, suboptimal rule which permits a simpler interaction with the controller. While not all stator/coil configurations will permit a linear rule for selecting coil currents, many stators configurations can be linearized.
Attractive magnetic bearings are linearized by imposing a biasing current in each coil which produces a magnetic stress but no net force at an equilibrium position. Although the current to force relationship is quadratic, bias and control currents are chosen so that all second-order control current terms are identically zero at the equilibrium point. When the bias current magnitudes are held constant, the relationship between control current and bearing force relationship is linear. A detailed description of the bias linearization principle can be found in [2] .
Bias linearization is widely used in a number of magnetic devices from radial magnetic bearings to six degree-of-freedom actuators (for example, [3] - [12] ). These applications employ symmetric geometries where the determination of a permissible set of linearizing currents proceeds by inspection. However, the previous work has not been extended to the general problem, particularly where coil failures produce substantial asymmetry in the stator.
The present work explores the manner in which n coil currents should be selected to provide the desired force components. A general representation is developed that allows for arbitrarily complex geometries. In stators which permit linearization, an optimal coil current map can be determined which relates the n coil currents to the desired force components in terms of a bias vector and control vectors which determine each of the applicable orthogonal components of force and torque. Methods of determining an optimal set of currents are considered.
Model
Assuming negligible eddy current effects and a linear flux density to field intensity relationship with negligible hysteresis effects, a magnetostatic analysis can be employed. If losses from flux leakage and fringing are also assumed negligible, the applicable magnetostatic field equations become one dimensional. Flux and field intensity at any point in the bearing can then be solved by circuit theory [13] . An analysis of the magnetic circuits in the bearing yields a fairly simple quadratic relationship between coil currents and resulting forces.
An n pole magnetic bearing (as exemplified by Fig. 1 ) is characterized by j , Ni j , φ j , A j , and Θ j for j
n, the reluctance, magnetomotive force contribution, flux, pole face area, and orientation angle respectively for each pole. Considering that steel or iron has a relative permeability of greater than 1000, the reluctances of all metal parts of the flux path are neglected; virtually all of the circuit reluctance is due to the air gap associated with each pole. Positive fluxes are directed out of the stator poles into the rotor by the sign convention for this model. Positive coil currents pass counter-clockwise around the stator poles when viewing the pole end from the gap. It is assumed that the only sources of magnetic excitation in the bearing are the coils wound on each pole. This assumption specifically excludes bearings employing permanent magnets from this analysis. An equivalent electrical circuit, useful in understanding the development of the governing magnetic equations, appears in Figure 2 .
The application of Ampere's loop law to the magnetic circuit results in n 1 independent equations:
where the reluctance of the j th gap is
One independent equation results from flux conservation:
Arranging these equations in matrix form produces 
This matrix relationship is represented more succinctly by
where R can easily be shown to be nonsingular. Denote
where L is the matrix of inductances between the different coils in the bearing. Assuming uniform flux density in the air gap, flux φ j is related to flux density B j by φ j % B j A j . In matrix form, this relationship is
where A is a diagonal matrix of pole face areas. Re-arranging and substituting from (6) and (7),
Note from (4) that the matrix N has a nullity of 1. Consequently, one of the currents in I is redundant if each leg has an independent coil. Forces produced by the bearing can be computed by variations of the energy stored in the system or by Maxwell's stress tensor. Assuming linear materials, the energy stored in a magnetic field is defined in the general case as
where B is three dimensional flux density and the integral is taken over all space. In the present onedimensional analysis, the only component is B along the path direction. Due to the assumptions of no leakage and zero reluctance of the metal sections of the path, all of the energy is stored in the air gaps:
The energy can be written in vector form as
where D F xG is a diagonal matrix with the j th entry equal to g j
Note that the g j F xG are the mean air gap lengths as functions of x, a vector of coordinates specifying the rotor's position. Coordinates x 1 P x 2 and x 3 might be associated with translations along the X P Y and Z axes that define some fixed coordinate system, whereas x 4 P x 5 and x 6 might be associated with infinitesimal rotations about the X P Y and Z axes respectively. Force is defined as
where
. In the particular case of radial magnetic bearings, the only force components are in the X and Y directions (see Figure 1 ). Matrices D x and D y can then be explicitly defined as
where θ j is the angular position of the centerline of the j th stator leg.
If one or more of the coils is missing or has failed (N j i j 9 0), then (13) still applies. The matrix K is introduced to relate the reduced order current vector of dimension m to the full current vector:
Matrix K is simply the identity matrix with columns removed corresponding to each failed or missing coil. Substituting into (13) ,
Matrix K can also be used to indicate coils wired in series. In this case, the vector of coil currents can be represented as the product of a matrix times a vector of independent coil currents. For instance, assume that coils 1 and 2 are wound in reverse series (I 2 9 R Q I 1 ). The K reflecting this coupling would be
It is worth noting that V T D j V has a null space of dimension 1. This singularity can be removed by defining a K with n Q 1 columns whose columns span the row space of N. This transformation can be useful for reducing the dimensions of the search space when numerically searching for linearizing currents. 
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Example 1
In the past, the problem of determining bias and control currents was only considered for symmetric cases. Under these conditions, the proper linearizing currents are obtained by inspection. However, when symmetry is lost, the determination of the proper currents is no longer a trivial problem. Take for example the bearing pictured in Figure 3 . The geometry of this bearing is described in Table 2 .1, where
The unusual asymmetry of this example is intended only to emphasize the generality of the result: such asymmetry would seldom be encountered in practice. The point to this example is that the usual assumptions concerning symmetry are not needed -a result which is particularly useful in permitting the fault tolerance alluded to in the introduction.
The reluctance of each air gap is determined by (2) . Substituting the reluctances into (4) gives: 
Re-arranging according to (9) , the current to flux density relationship is: 
This example is a radial magnetic bearing; therefore, D x and D y can be obtained directly from (14):
Because this stator has an independent coil on each leg, one coil will be redundant; matrices X x and X y will both be singular. This singularity can be removed with a suitable K matrix. The K matrix should have columns orthogonal to the null space of V. This null space represents a vector of currents that produces no flux through the gaps. When K is chosen orthogonal to this space, a given flux distribution is then realized with the least possible power dissipation since all portions of the current are contributing to producing flux. One such matrix, derived by Gram-Schmidt orthogonalization [7] of the N matrix, is 
Note that the choice of this particular matrix is somewhat arbitrary. Any other K whose columns lie perpendicular to the null space of V would give the same power-minimizing properties. The force-current relationships are specified by (16) as: 
Linearization
Equation (16) shows that the relationship between the reduced order current vectorÎ and the forces produced is quadratic. In general, the bearing must be able to generate forces in an arbitrary direction. All of the F j must therefore be independent of one another, and each force should be able to be generated with an arbitrary sign. The latter condition is relatively easy to establish by simply examining the definiteness of the symmetric matrices X j . If any of these matrices is either semi-definite or negative semi-definite, the corresponding quadratic product will always be either non-negative or non-positive. An arbitrary force cannot then be realized. In any case, the actuator falls into one of two categories:
1. The matrices X j are all indefinite and there exist a set of n m matrices forÎ which permit independent linearizations:
2. The actuator cannot be linearized as in case 1, but a region of all possible force configurations can be reached by a suitable choice ofÎ.
In case 2, suitability of the actuator depends upon whether the range of forces required of the actuator is contained in the region dictated by the joint properties of the matrices X j . In case 1, while any desired force can be generated, the currents or stator flux distributions required to realize some forces may be unacceptable.
If all of the X j are indefinite, then there may exist matrices W so that
In matrix form, the desired result in (26) can be written as a set of j matrices of dimensions
where p is the number of force components produced by the bearing.
The matrices M j for j 
Since matrices X j are created without restrictions on bearing geometry or on the number of force components; equation (27) is therefore a general statement of the bias-linearization problem for magnetic bearings. Any matrix satisfying (27) will permit independent linear control over the orthogonal force components produced by a given bearing via the currents specified by (28).
It is important to note that, while the specific choice of M j is somewhat arbitrary, solutions W to other selected right-hand matrices providing the same property of independent linearization will be related to solutions to the present problem by a simple right transformation involving column swapping and/or scaling. For the property of independent linearization, the matrices M j must satisfy: A closed-form solution of (27) is not known. At present, linearizing matrices may only be obtained numerically. Several approaches to this numerical problem are discussed in the Appendix.
Example 1 (continued)
The principle of independent linearization can be demonstrated using the previously developed Example 1. The bearing will be linearized if there can be found a 5 k 3 matrix W such that (27) is satisfied: 
A suitable linearizing set of currents is then obtainable through a numerical search. 
Choice of Optimal W
In general, the problem defined by (27) has many solutions. Therefore, a criterion must be established for selecting the best solution. While many possible quality measures can be devised, possibly the most useful is the maximum load which the bearing can generate before magnetic saturation occurs at some point on the stator or rotor.
To determine saturation in the stator, the fluxes in the legs, back-iron, and journal iron must all be computed. If the pole areas are equal to the air gap areas, then the pole flux densities are simply equal to the gap densities:
Most of the back iron flux densities can be found from the n 
The one remaining equation required is most properly obtained by applying Ampere's loop law to the back iron:
However, as the circuit begins to saturate, the permeabilities of the back iron sections with higher flux density will begin to decrease. This will produce a redistribution of flux density which tends to minimize the peak flux density in the back iron, subject to conservation of flux. (Of course, as the iron starts to saturate, flux leakage will also increase, reducing the validity of the simple conservation of flux conditions used here.) On the basis of this heuristic argument, it may be best to solve these equations in such a manner as to minimize the peak flux density. The simplest approximation to this kind of solution is provided by the Moore-Penrose pseudoinverse. Summarize (34) as
Using the Moore-Penrose pseudoinverse results in
The journal flux densities can be computed in a similar manner, leading to
The transformation from the reduced order current vector to the distribution of flux densities throughout the stator can then be defined as:
Now consider the particular case of a 2 degree of freedom radial bearing. Rather than computing the saturation load directly, compute the flux density distribution for a force of magnitude 1.0 and arbitrary orientation Θ: 
then the desired force of magnitude 1.0 and direction Θ will result. The flux distribution throughout the stator resulting from any selection of ζ and Θ is given by
The maximum magnitude of the resulting flux density distribution is
The achievable load capacity is then
where B sat is the saturation flux density of the magnet iron.
The achievable load capacity is dependent upon the choice of ζ and Θ. Typically, it is conservative to base the load capacity upon the worst case orientation:
This choice might be modified for systems where a gravity load or some other load with fixed orientation is significant. Further, the choice of ζ is essentially free: it is the square root of the ratio between biasing field and control field and has no effect on the magnitude or orientation of the field generated. This parameter should be chosen in such a manner as to minimize the peak flux density (and thereby maximize the load capacity): In this manner, the best solution W is that which minimizes B max (or maximizes F max ):
The minimax problem defined by (47) along with the constraint equation (27) forms a nonlinear optimization problem for selecting W. At present, the only computational solutions find many examples which satisfy (27) using the methods in the Appendix from a random seed and then choose the best solution on the basis of (47). While this procedure yields usable solutions, there is no guarantee that these solutions are optimal or even represent local optima. However, it is unlikely that a single gradient descent optimization will yield a global optimum because the solutions for W are not necessarily connected.
Examples
Example 2
Aside from linearizing unusual stator geometries, the procedures are more practically useful in developing fault-tolerant controllers for bearings with a large number of coils. Consider an 8-pole symmetric bearing, as in Figure 4 , with each pole face having an area of 4 91 10 4 m 2 , a nominal gap of 0 001 m, and 200 turn coils. In this example, the flux path areas in the back iron and in the journal are the same as the pole face area.
In the normal operating mode, coils on all 8 legs would be operational. This configuration allows for the linearizing current set
which yields a load capacity of 562 N at B sat
If one coil fails, there is no loss in load capacity. As noted in section 2, matrix V specifying the current to flux density relationship has a nullity of 1; therefore, an alternate set of currents can be picked that yields the same flux densities as realized in the all-coils-active case. This alternative matrix can be found by solving
forŴ, the one-coil-failed linearization matrix. Matrix K represents the mapping from seven active coils onto the full current vector. The solution isŴ
This solution is unique for a given W, since (49) has the same number of independent equations as unknowns. For the particular case where the one failed coil is coil 8, the linearizing current set corresponding to (48) is
Now, consider the case in which coils 6 ¶ 7 ¶ and 8 have failed. Despite the massive asymmetry introduced by the failure of three adjacent coils, linearized control is still possible as shown by the fact that a new W matrix can be computed. Numerical studies have shown that in this configuration, 0· 000000 0· 000000 0· 000000 0· 000000 0· 000000 0· 000000 0· 000000 0· 000000
is a good solution. Control is still linearized, but load capacity is reduced to 251 N because flux is no longer evenly distributed in the stator. The flux distributions relative to the saturation density for the limiting case are illustrated in Fig. 5 . For this particular solution, the limiting flux density occurs in the back iron; a better load capacity could be achieved by a redesign that thickens the back iron area. If the back iron is expanded until the maximum flux density occurs in the legs, the load capacity is increased to 278 N using this current set. The greatest failures that this stator can tolerate are certain configurations involving four failed coils. In the case where only 1 ¶ 2 ¶ 3 ¶ and 5 are functioning, 
solves (27), but the load capacity is further reduced to 115N. In this failure configuration, the limiting flux density occurs in the legs; greater back iron area would not have an effect on load capacity. If less than four independent currents are controlled, a linearizing solution cannot be found in the general case. Eqn. (27) specifies 12 constraints for 9 unknowns. Several of these conditions can be met simultaneously if a valid x control current is in the null space of X y and a valid y control current is in the null space of X x . This is not the case for any 3-current configuration for the 8-pole bearing.
Example 3
As an example of a device with more than two degrees of freedom, consider the device pictured in Figure 6 . This particular magnetic bearing controls X and Y forces as well as a torque about the Z axis. Each coil is wound with N turns and has a pole area of A. The air gaps as a function of rotor position are:
where g o is nominal gap length.
From (4),
Inverting the left-hand side and dividing by A results in (9) . By differentiating (54) by the rotor degrees of freedom,
Since all coils are active, K is merely the identity matrix. From (16),
These three matrices completely define the relationship between coil current and output forces/torques.
The independent linearization of many force components can be demonstrated with this example. The objective is a 6
Conclusions
The significance of this work lies in that it provides a mechanism for linearizing and decoupling the force axes in complicated magnetic actuators. Typically, variation of any one coil current in such a device affects all of the force components that the device can generate. Further, this interdependence is, fundamentally, quadratic. Using the analysis presented here, a simple linear relationship can be found which relates the desired force components and an addition fixed biasing term to the best set of coil currents. Since the analysis is not limited to a specific geometry or number of actuator force components, it can be applied to asymmetric stators, stators with failed coils, and stators which generate more than the usual two orthogonal force components.
A clear mechanism has been demonstrated for achieving fault tolerance to coil failures. If one or more coils fail, a new coil current control scheme can usually be constructed which preserves the linear relationship between required forces and coil currents. This fault tolerance comes at some expense in load capacity because the necessary redistribution of magnetic flux in the stator in order to achieve high forces along vectors passing through the poles of the failed coils leads to premature saturation in the stator or journal.
Several issues remain to be addressed in future work. First, while some necessary conditions were determined for existence of a linearizing current control scheme, sufficient conditions were not found. Further, attempts to cast the relatively simple problem statement into a form solvable by existing elegant matrix analysis tools were unsuccessful and the problem, though simply stated, must be solved by arduous numerical minimization of a quadratic cost function. A preliminary examination of solutions to some example problems suggests that the solutions are not simply connected. This may be an artifact of the particular choice of parameter space. If the solutions were simply connected then gradient based algorithms could be employed to find optimal solutions. Finally, the minimax problem formulated for finding the optimal solution may need to be elaborated to more suitably reflect design considerations other than load capacity under linear operation, such as electrical or thermal efficiency, journal power dissipation, and coil current densities. 
Appendix
Any W that makes J å 0 is clearly a solution to (27) . Many other such functions are equally valid, but this particular cost function is a fourth-order polynomial in the elements of W. Gradient methods can then be employed to minimize J.
Alternatively, a method similar to Newton-Raphson can be used to find a valid W without explicitly minimizing (68). Presently, the scheme will be developed only for the case of radial magnetic bearings, but the generalization to any number of force components follows easily.
The problem statement of (25, 26, 27) can be rewritten in the form 
The change in I necessary to solve (27) is then estimated by setting the first order expansion of Ψã Iä I equal to b and solving for δI using the Moore-Penrose pseudoinverse. 
The next approximation for I is
where ∆ is a stepsize less than or equal to 1. This iteration will usually converge given an adequately small value of ∆.
